Abstract We review some results on analytical computations of the measures for quantum entanglement: entanglement of formation and concurrence. We introduce some estimations of the lower bounds for the entanglement of formation in bipartite mixed states, and of lower bounds for the concurrence in bipartite and tripartite systems. The results on lower bounds for the concurrence are also generalized to arbitrary multipartite systems.
Introduction
Quantum entanglement plays a crucial role in the rapidly developing theory of quantum information [1] , since they constitute the most important resource for quantum information processing. An important theoretical challenge in the theory of quantum entanglement is to give a proper description and quantification of quantum entanglement of multipartite quantum systems. Entanglement of formation (EOF) [2, [3] [4] [5] and concurrence [6] [7] [8] are two well-defined quantitative measures of entanglement. For the two-qubit case, EOF is a monotonically increasing function of the concurrence and an elegant formula for the concurrence was derived analytically by Wootters in Refs. [9, 10] . It plays an essential role in describing quantum phase transitions in various interacting quantum many-body systems [11] [12] [13] [14] and can be experimentally measured [15] .
In the higher dimensional case, due to the extremizations involved in the calculation, only a few explicit analytic formulae for EOF and concurrence have been found for some special symmetric states [16] [17] [18] [19] [20] . Some progress, in particular in the form of practical algorithms, has been obtained on possible lower bounds of the EOF and concurrence for qubit-qudit systems [21] [22] [23] and for bipartite systems in arbitrary dimensions [24] [25] [26] using numerical optimization over a large number of free parameters. In Refs. [27, 28] , analytic lower bounds on EOF and concurrence for any dimensional mixed bipartite quantum states have been presented, which have further been shown to be exact for some special classes of states and detect many bound entangled states. In Ref. [29] , another lower bound on EOF for bipartite states has been presented from a new separability criterion [30] . A lower bound on concurrence based on a local uncertainty relations (LURs) criterion is obtained in Ref. [31] and this bound is furthermore optimized in Ref. [32] .
Although the EOF is only well defined for bipartite systems, the concurrence is well defined even for multipartite states. The lower bound of concurrence for tripartite states has been studied in Ref. [33] . In this review, we first summarize the results related to the analytic formulae and the lower bounds on EOF for bipartite systems, as well as to the lower bounds on concurrence for bipartite and tripartite systems, and then we generalize them to arbitrary multipartite systems.
Entanglement of formation for bipartite systems
Let H 1 , H 2 be N 1 , N 2 -dimensional complex Hilbert spaces with orthonormal basis e k i , i 5 1, …, N k , k 5 1, 2, respectively. A pure quantum state on H 1 6H 2 is generally of the form, 
The EOF E is defined as the partial entropy with respect to the subsystems [34] ,
where r 1 (resp. r 2 ) is the reduced density matrix obtained by tracing |yTSy| (the orthogonal projector onto |yT) over the second (resp. first) Hilbert space of H 1 6H 2 .
It is evident that E(|yT) vanishes only for product states. This definition can be extended to mixed states r by the convex roof, E r ð Þ: min
for all possible ensemble realizations
Consequently, a state r is separable if and only if E(r) 5 0 and hence can be represented as a convex combination of product states as r~P i p i r i are pure state density matrices associated to the subsystems H 1 and H 2 , respectively [35] . The measure (4) satisfies all the essential requirements of a good entanglement measure: convexity, no increase under local quantum operations and classical communications on average, no increase under local measurements, asymptotic continuity and other properties [2, [3] [4] [5] .
It is a challenge to calculate Eq. (4) for general mixed states due to the extremizations involved in the calculation. Till now explicit formulae of E(r) have been obtained only for a few special cases.
EOF for 2-qubits
In this case, Eq. (3) can be written as E(|yT) 5 e (C(|yT)), where the function e is defined by
C is called concurrence [9] :
whereỹ T~s y 6s y y Ã j T, |y * T is the complex conjugate of |yT, s y is the Pauli matrix, s y~0 {i i 0 .
As E is a monotonically increasing function of C, C can be also taken as a kind of measure of entanglement. Calculating the minimum in Eq. (4) is reduced to calculating the corresponding minimum of C r ð Þ~min
which simplifies the computation. The formula for the entanglement of a pair of qubits in any mixed states r is given in Ref. [10] : E(r) 5 e(C(r)), with C(r) 5 max(0, l 1 2 l 2 2 l 3 2 l 4 ), here the l 0 i s are the square roots of the eigenvalues of r(s y fl s y ) ?r * (s y fl s y ) in descending order. The concurrence is itself a measure of entanglement that provides an analytic formula for the EOF for a pair of qubits.
The direct experimental measurement of C(|yT) is not possible due to the unphysical operation of the complex conjugation in Eq. (6) . Nevertheless, it has been shown that any m-th degree polynomial function of a density matrix r can be measured on an m-fold copy of r [36] . By considering a twofold copy of the state in question, the concurrence C of an arbitrary state |yT can be defined as C~2 ffiffiffiffiffiffi P A p , where P A 5 Sy| fl Sy|A|yT fl |yT is the probability of observing the two copies of the first subsystem in an antisymmetric state, that is, a state that acquires a phase shift of p upon exchange of the constituents, and A is the corresponding measurement operator [15] .
EOF for isotropic states
The EOF for a class of mixed states in arbitrary dimension N 1 5 N 2 5 N, the isotropic states, was presented by Terhal and Vollbrecht [16] . The isotropic states are invariant under the transformations U fl U * , for any unitary transformation U. They have the form
where
is the fidelity of r F . It is shown that for F > 1/N, the EOF for isotropic states is E(r F ) 5 co[R(F)], where R(F) is a simple function of F, and ''co'' stands for the convex hull. That is the largest convex function bounded above by the given function. For N 5 2, 3, the EOF for r F is given by
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For general N, the correctness of this formula is proved in Ref. [38] .
EOF for Werner states
Werner states are a class of mixed states for N 6 N systems which are invariant under the transformations U fl U for any unitary transformation U [35, 39] . The density matrix of these states can be expressed as
where P is the flip operator (or swap operator) defined by P(w fl y) 5 y fl w. In the computational basis |ijT, P is of the form P~P N i,j ij j TSjij. Here, f is a constant f 5 SPT ; Tr(Pr f ) satisfying 21 ( f ( 1. Werner states are separable if and only if f > 0, as shown in Refs. [35, 39] .
The EOF of Werner states has been derived from an extremization procedure [39] ,
Since E(r f ) is a monotonically increasing function of 2f, as seen from Eq. (13), it is expected [40] that 2f plays the role of concurrence, similarly as in the two qubits case [10] .
Instead of Eq. (6), the generalized concurrence for a pure state |yT in the tensor space H 1 6H 2 is defined by Refs. [6] [7] [8] ,
where r 1 is the reduced density matrix. The concurrence (7) of Werner states is given by Ref. [41] C r f À Á~f j j~{f , for f v0,
This shows that the EOF of Werner states is a monotonically increasing function of the concurrence. Namely, the conjecture [40] that 2f plays exactly the role of concurrence is verified. Furthermore, it is shown that the concurrence and EOF of Werner states have the same optimal decomposition [41] .
EOF for a special class of mixed states
For N 1 5 N 2 5 N > 3, there is no such concurrence C that entanglement of formation E as given by Eq. (4) is a monotonically increasing function of C. The concurrences discussed in Ref. [6] [7] [8] can be only used to judge whether a pure state is separable (or maximally entangled) or not [42, 43] . The EOF is no longer a monotonically increasing function of these concurrences. Nevertheless, if one considers special classes of quantum states, certain quantities (generalized concurrence) can be found to simplify the calculation of the corresponding EOF [17] .
Let A denote the matrix with entries given by a ij in Eq. (1), i, j 5 1, …, N. The reduced density matrix r 1 can be expressed as
If AA { has only two non-zero eigenvalues l 1 (resp. l 2 ) with degeneracy n (resp. m), n + m ( N, we denote D the maximal non-zero diagonal determinant
From the normalization of |yT, one has Tr(AA
In this case the EOF of |yT is given by
According to (17) and (18), one has LE LD~m
which is positive for
is a monotonically increasing function of D. D is a generalized concurrence and can be taken as a kind of measure of entanglement in this case.
From Eqs. (18) and (19) , the quantum states with the measure of entanglement characterized by D are generally entangled. They are separated when n 5 1, l 1 R 1 (l 2 R 0) or m 5 1, l 2 R 1 (l 1 R 0). For the case n 5 m . 1, all the pure states in this class are non-separable. In this case,
where x~1 2
The Consider a class of pure states (1) with the matrix A given by 
Let Y denote the set of pure states (1) with A of form (23) . Consider all mixed states with density matrix r such that its decompositions are of the form
All other kind of decompositions, (say decomposition with respect to y 
where L i , in decreasing order, are the eigenvalues of the Hermitian matrix R: ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffiffiffi r p pr Ã p ffiffiffi r p p , or, alternatively, the square roots of the eigenvalues of the non-Hermitian matrix rpr * p. An important fact used in the derivation of (26) is that the generalized concurrence d is a quadratic form of the entries of the matrix A, so that d can be expressed in the form of (24) 
where [A] and ||A|| are quadratic forms of a ij , and Id N is the N 6 N identity matrix. Let A be the set of matrices satisfying (27) , which implies that for A [ A, AA { has at most two different eigenvalues, each one of which has order N/ 2. d is a quadratic form of the entries of the matrix A.
can be constructed as follows [18] . Set A 2~a {c c d
,
be constructed in the following way,
where t stands for transpose. It is straightforward to verify that A 4 satisfies the relations in (27) . For general construction of high dimensional matrices
For all N 2 6 N 2 density matrices with decompositions on these N-dimensional d-computable pure states, their EOF can be calculated by formulae similar to (26) .
The results can be generalized to the case that AA { has n > 3 different non-zero eigenvalues [19] . Let l 1 , l 2 , …, l n , each with degeneracy m, mn ( N, be the non-zero eigenvalues of AA { . l i 5 l i (u, v), i 5 1, 2, …, n, are differentiable functions of two real variables u and v. Define D~mn ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
then D is a measure of entanglement in the sense that the EOF of the corresponding pure state is a monotonically increasing function of D.
As an example, consider the non-zero eigenvalues of 
. It is straightforward to verify that E is a monotonically increasing function of D, since
Due to the relation
E is also a convex function of D.
As E(|yT) is a monotonically increasing and convex function of D, instead of calculating E(r), one may calculate the minimum decomposition (in the sense of Eq. (4)),
to simplify the calculations, as long as r has all decompositions on pure states with their eigenvalues of AA { satisfying (31). Nevertheless, like E(|yT), generally the expression of
satisfying (31) can be further expressed as
the calculation of the corresponding EOF is then greatly simplified. Let Y denote the set of all pure states of the form (1) such that i) (31) is satisfied; ii) the EOF is a convex function of D, i.e., P
A mixed state r given by (5) is called D-computable if all the decompositions of r into pure states belong to Y. Due to the conditions i) and ii), for a D-computable state r, calculating E(r) is then reduced to the calculation of the corresponding minimum of
which simplifies the calculation if D(|y a T) has a simpler expression than E(|y a T). The condition iii) guarantees that D is a quadratic form of the entries of the matrix A and can be expressed as D 5 |Sy|Sy * T| in terms of a suitable matrix S, which allows one to find an explicit analytical expression of the EOF in a way similar to the one used in Refs. [9] and [17] .
Let S ipjq be a symmetric N 2 6 N 2 matrix whose elements are all zero except for
and L ipjq 4 , in decreasing order, be the eigenvalues of the rank four Hermitian matrix ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffiffiffi r p S ipjq r Ã S ipjq ffiffiffi r p p . For a D-computable state r, the minimum decomposition of the generalized concurrence D(r), i.e., the average generalized concurrence of the pure states of the decomposition, minimized over all decompositions of r, is given by
Due to the convex relation between E(|yT) and D(|yT), the EOF of r is given by E(D(r)).
Lower bounds of EOF and concurrence for mixed states
It is generally difficult to calculate the minimum (4) for arbitrarily given (5) . Instead of finding the exact minimum, one may also try to find the lower bound of EOF or concurrence.
Lower bounds of EOF for bipartite mixed states
Hilbert spaces, respectively. A pure state |yT in H 1 6H 2 has a standard Schmidt form
where ffiffiffiffi m i p , i 5 1, …, N 1 , are the Schmidt coefficients, |a i T and |b i T are orthonormal basis in H 1 and H 2 , respectively.
From (3), the EOF for |yT is given by
wherem is the Schmidt vector (m 1 , m 2 , …, m N 1 ). Let ||G|| denote the trace norm of a matrix G defined by ||G|| 5 Tr(GG {   ) 1/2 . Set r 5 |yT Sy|. It is easy to see that
where r T1 is the partial transposed matrix of r with respect to the first subsystem, R r ð Þ is the realigned matrix of r defined by R r ð Þ ij,kl~rik,jl , where i and j are the row and column indices with respect to the first subsystem respectively, while k and l are the corresponding indices for the second subsystem [44] [45] [46] .
Assume that one has already found an optimal decomposition S i p i r i for r to achieve the infimum of E(r), where r i are pure state density matrices. Then E (r) 5 S i p i E(r i ) by definition. For a given l, Hm ð Þ in (34) has a minimum [16] ,
Moreover, co[R(l)] is a monotonously increasing, convex function and satisfies co R l ð Þ ½ fHm ð Þ for a given l.
where the monotonicity and convexity properties of E, and convexity of the trace norm
If the function R(L) has only one reflection point, co[R(L)] can be obtained explicitly from R(L) [16] . One has then
For isotropic states, this lower bound is exact.
It is direct to verify that the function R(L) has only one reflection point for N 1 5 2, 3. One can also easily verify this fact by plotting R(L) for N 1 5 4. To show that the second derivative of R with respect to L has only one zero point for general N 1 , for simplicity we replace log 2 in (36) by the natural log. Without confusion, the notion R(L) below is still used, which, in fact, differs a positive factor log 2 e from the R(L) above.
First, it can be shown that there is one and only one point L 0 between 1 and
Hence, R 00 1 ð Þ~lim e?0 R 00 1ze ð Þ~z?. On the other hand,
which is less than 0 for N 1 > 5. Therefore, for
is a monotonically increasing function taking values from g(1) 5 2' to
On the other hand, f(1) 5 f(N 1 2 1) 5 22, f0(L) . 0, i.e., f is convex. Therefore, there is one and only one solution N 1 2 1) .
Next, one can show that there are no solutions to R0(L) 5 0 for L [ (N 1 2 1, N 1 ) , i.e. R0 (N 1 2 1 + d) ? 0,  ; d [ (0, 1) . From (37) , (41) and (42) 
It is straightforward to verify that A(0) . [38] . From the proof above, one has that both EOF (9) for isotropic states and the tight lower bound of EOF (40) are valid for arbitrary dimensions.
Another lower bound of EOF for bipartite states on even dimensional Hilbert spaces N has been presented [29] from a new separability criterion [30] . On even dimensional spaces there exist antisymmetric unitary operations V T 5 2V. The corresponding antiunitary maps V(?) T V, map any pure state to some state that is orthogonal to it. This leads to the conclusion that the map
is a positive but not completely positive map. It is nondecomposable. The corresponding entanglement witness W W has the form:
where the factor N is introduced for convenience, P 0 represents the one-dimensional projection onto the maximally entangled singlet state. This criterion can detect some of the PPT entangled states. From this separability criterion a lower bound of EOF can be similarly obtained,
Lower bounds of concurrence for bipartite mixed states
The lower bound of the concurrence (7) for bipartite 2 fl N mixed states r has been discussed in Refs. [21] [22] [23] . Define the set of N(N 2 1)/2 symmetric 2N 6 2N square matrices S ij , 1 ( i ( N 2 1, j . i, to be the matrices whose elements S ij mn are all zero except for Then one has
where C ij r ð Þ~max 0, l In fact for general bipartite states in N 1 6 N 2 , the squared concurrence has the form [47] :
where From (46) it is evident that the N 1 fl N 2 dimensional Hilbert space is decomposed into N 1 (N 1 2 1)N 2 (N 2 2 1)/4 2 fl 2 dimensional subspaces, such that the squared concurrence is just the sum of all squared two-qubit's concurrences. A pure state is separable iff all these ''two qubits'' are separable.
Set j i j T~ffi ffiffiffi p i p y i j T. The concurrence (7) takes the form:
by using the fact that any function F~P i
subjected to the constraints z j 5 S i x ij with x ij real and nonnegative, the inequality P j z 2 j fF 2 holds and the procedure of extremization adopted in Refs. [10, 25, 26] , one can prove that for an arbitrary N 1 fl N 2 state (5), the concurrence C(r) satisfies t r ð Þ: X
where t is the lower bound, Similar to the case of EOF, the separability criteria positive partial transpose (PPT) and realignment can also be used to obtain lower bounds of concurrence [27] . From (33) and (14) one has
which varies smoothly from 0 for separable states to 2 (N 1 2 1)/N 1 for maximally entangled states. By summing over all of the arithmetic mean inequalities m i m j zm k m l o2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi m i m j m k m l p for i , j and k , l, one gets
There are N 1 (N 1 2 1) terms of m i m j on the left hand side of (52). Therefore
From (53) one gets
for any pure state r i , as from (35) one has
where ffiffiffiffiffi m k p are the Schmidt coefficients for the pure state r i . Now assume S i p i r i is an optimal decomposition for r to achieve the infimum of C(r), where r i are pure state den-
Noticing that r
ð Þ k k due to the convexity property of the trace norm, one can prove that for any N 1 fl N 2 (N 1 ( N 2 ) mixed quantum state r, the concurrence C(r) satisfies
For the U fl U * invariant mixed isotropic states with 39, 40] , the bound (54) gives the exact value of the concurrence derived in Ref. [20] .
If one takes the separability criterion (44) into account, the above bound can be improved [29] . Set f ppt (r) 5 ||r
holds for any N 1 fl N 2 (N 1 ( N 2 ) mixed quantum state r. An interesting separability criterion called local uncertainty relations (LURs) criterion is based on uncertainty relations [50] . It can detect some of the PPT entangled states [51, 52] . It says that if {A i } and {B i } are observables acting on H 1 and H 2 respectively, fulfilling the uncertainty relations
holds for separable states [50] . The variance D 2 is given by
r , where SMT r 5 Tr(rM) is the expectation value of the observable M. A particularly interesting choice of the observables is the local orthogonal observables (LOOs) [53] , that is, the orthonormal bases of
. Since
in this case (55) 
Furthermore, due to the fact that
Let S n p n |y n TSy n | be the decomposition of r for which the minimum in (7) is attained, so that, C(r) 5 S n p n C(y n ). From (51) and (58), a lower bound of concurrence based on LURs criterion is obtained [31] : For any N 1 6 N 2 (N 1 ( N 2 ) quantum state r, 
One has
where s k (t) stands for the kth singular value of t. Since the entanglement criterion based on local uncertainty relations is strictly stronger than the realignment criterion [52] , one has the following inequality [32] :
for any
[54], a separability criterion based on the Bloch representation of density matrices has been presented. This correlation matrix criterion says that for bipartite separable states r,
Tr rl 
Based on the correlation matrix criterion a lower bound of concurrence is obtained in Ref. [31] . For any N 1 6 N 2 (N 1 ( N 2 ) quantum state r, one has
Example 1 Consider the 3 6 3 bound entangled state [55] ,
where I 9 is the 9 6 9 identity matrix,
Choose the local orthonormal observables to be the normalized generators of SU (3). (63) gives C(r) > 0.0205. (54) gives C(r) > 0.050. (59) gives C(r) > 0.052 [31] , while (61) yields a better lower bound C(r) > 0.055. where the reduced density matrix r 1 (resp. r 2 , r 3 ) is obtained by tracing over the subsystems 2 and 3 (resp. 1 and 3, 1 and 2). In Ref. [33] a special class of Y is discussed:
, where T i stands for the partial transposition with respect to the subsystem i, the operations Y 1 , Y 2 and Y 3 correspond to the partial transpositions of r.
For the most simple tripartite system, the three qubits case, a state |YT can be written in terms of the generalized Schmidt decomposition [59] ,
. The corresponding density matrix r 5 |YTSY| has the following properties: 
which varies smoothly from 0, for pure product states, to 3/2 for maximally entangled pure states. On the other hand, under the operations of Y i , i~1, 2, 3, one gets
Combining (70) and (71) one can obtain
A three-qubit (2 fl 2 fl 2) system can be viewed as three different bipartite (2 fl 4 or 4 fl 2) systems. From the results for bipartite systems in Section 3.2, these three bipartite separations give rise to, respectively 1{Tr r
1{Tr r
Therefore,
Hence, if one assumes that S i p i r i is the optimal decomposition of r such that C(r) 5 S i p i C(r i ), where r i are pure state density matrices, taking into account that r (72) and (73) one gets that for any three-qubit mixed quantum state r, the concurrence C(r) satisfies C r ð Þo max r
where i 5 1, 2, 3; j 5 4, 5, 6. For higher dimensional tripartite systems, an expression like (69) does not exist. The related lower bound of concurrence will be discussed in the next section for arbitrary multipartite systems. 
On the other hand, the partial transpose of r with respect to the ith qubit space gives rise to 
Therefore, R i j j r ð Þ ~1 z2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi sin 2 h cos 2 h p . Let H 1 and H 2 be two different subsystems. One can similarly verify that
From (76), (77) and (78) one can prove that for any Mqubit mixed state with decomposition r 5 S i p i |Y i TSY i |, if |Y i T can be written in the form (75) for all i, then the concurrence C(r) satisfies
where H, H 1 , H 2 are subsets of the indices {1, 2, …, M}, such that H 1 < H 2 5 1.
Remark Once a density matrix has a decomposition with all the pure states of the form (75), then all other possible decompositions of it will also have the form (75), since other decompositions can be obtained from the unitarily linear combinations of this decomposition, and any linear combinations of the type (75) still have the form (75).
Generalized W-state
We consider now another M-qubit state, the generalized W-state, 
From a direct calculation, the trace norm of the partial transposed matrix r Ti of r with respect to the ith qubit space is given by r
. The trace norms of the partial transposed r with respect to the other sub-qubit spaces can also be similarly calculated,
From the results for bipartite systems, these m bipartite separations give rise to, respectively,
Hence,
Tr r 2
Therefore, for any M-qubit mixed state with decomposition with respect to the generalized W states, r 5 S i p i |Y i TSY i |, such that |Y i T can be written in the form (80) for all i, the concurrence C(r) satisfies
From (79) and (84), it is seen that the lower bound for the class of mixed states with decompositions with respect to the generalized GHZ states is weaker than the one for the class of mixed states with decompositions with respect to the generalized W states, in the sense that in (79) the realignment is associated with two arbitrary subsystems H 1 and H 2 such that H 1 > H 2 5 1, but not necessary H 1 < H 2 5 {1, 2, …, M}. While in (84) we simply treat the realignment associated with bipartite separations, so that the two subsystems C 
Schmidt-correlated state
The Schmidt-correlated (SC) states are the mixtures of pure states, sharing the same Schmidt bases. For any classical measurement related to the SC states, two observers will always obtain the same result [60] . Such SC states naturally appear in a bipartite system dynamics with additive integrals of motion [61] . Then |W i T is equivalent to either a fully separable state or GHZ(M, t) (0 , t ( N) under stochastic local operation and classical communication (SLOCC) [63, 64] . 
is the dimension associated with the subsystems contained in C 
Here, for general mixed states, it is difficult to find the relation between the concurrence of a pure state and the corresponding norm of the partial transposed state with respect to certain subsystems, like the one between (76) and (77). The bound (87) is obtained by bipartite separations of the system, and there is an extra factor K, which makes this bound weaker than (84), when it is applied to the special class of mixed states with decompositions with respect to the generalized W states.
Summary and conclusions
We have given a review on the measures of quantum entanglement: entanglement of formation and concurrence. As it is difficult to calculate the EOF and concurrence for general mixed states due to the extremization involved in the calculation, analytic formulae for the EOF and concurrence are only obtained for a few special classes of mixed states. Fortunately, many strong separability criteria have been found. From these separability criteria many tight lower bounds of the EOF and concurrence have been obtained, which can detect, in particular, some bound entangled states.
